Abstract: Density functional theory (DFT) calculations have been performed on five models of periodic, polysynthetic twin interfaces in the ambient-temperature phase of KLiSO 4 , which has space group P6 3 . The models represent the three merohedric twin laws (m || z, 2 ⊥ z and 1 ̅ ) with boundary plane (1 0 1 ̅ 0), also with boundary plane (0 0 0 1) in case of m, and with boundary plane (1 2 ̅ 1 0) in case of 1 ̅ . The models satisfy stoichiometry at the boundary plane and maintain the fourfold coordination of the Li and S atoms and the twofold coordination of the oxygen atoms. Relaxed lattice parameters and atomic positions were determined by DFT, using the DMol 3 code with functional PBEsol. The energy difference between polysynthetic twin and single crystal per primitive cell of the twin is 0.0009 eV for m(0 0 0 1), 0.09 eV for 1 ̅ (1 0 1 ̅ 0), 0.58 eV for m(1 0 1 ̅ 0) and 0.55 eV for 2(1 0 1 ̅ 0). In KLiSO 4 crystals grown from aqueous solutions the first twin was frequently observed, similarly also the second twin in Cr-doped crystals, whereas the third twin appeared only rarely and the fourth was not observed. Not only for KLiSO 4 but also for quartz, the energy of twins and the frequency of their occurrence are closely connected for crystals grown from aqueous solutions, whereas for the formation of transformation twins the availability of twin nuclei plays a major role.
Introduction
A long-time research project of the late Theo Hahn and his collaborators at the RWTH Aachen concerned KLiSO 4 , its twin domains, twin boundaries and phase transitions [1] [2] [3] .
Crystals of KLiSO 4 , space group P6 3 at room temperature, can exhibit 'twinning by merohedry' with the three twin laws The polarity (sign of the pyro-and piezoelectric effect) of the two individuals of a twin is the same for twin (a) and reversed for (b) and (c); the chirality (sense of optical rotation) is the same for twin (b) and reversed for (a) and (c) (cf. table 1 of [1] ).
Atomic structure models of twins (a), (b), (c) with boundary (1 0 1 ̅ 0) [in case (a) also with boundary (0 0 0 1)] were proposed in [1] and further illustrated in [4] .
In the following we denote a twin boundary (hkil) associated with twin laws (a), (b) and (c) by m(hkil), 2(hkil) and 1 ̅ (hkil), respectively. KLiSO 4 crystals were grown by evaporation of aqueous solutions of K 2 SO 4 and Li 2 SO 4 × H 2 O. The optically best crystals were obtained replacing K 2 SO 4 partly by K 2 CrO 4 ; only about 0.5% of S was replaced by Cr in these crystals [1] [2] [3] [4] . Cr doping affected the color and morphology of the crystals but not the phase transformations; it affected the occurrence of inversion twins. Growing crystals up to 3 cm size and sufficiently perfect for X-ray topography took about 8 weeks.
Reflection twins with boundary (0 0 0 1) were frequently found, sometimes with boundaries traversing the whole crystal and sometimes in polysynthetic form with lamellae often too thin to be resolved by X-ray topography. Reflection twins with boundary (1 0 1 ̅ 0) were only observed as lateral bound of (0 0 0 1) lamellae. Inversion twins with extended (1 0 1 ̅ 0) boundaries were found in Cr-doped crystals (see fig. 3 in [3] ). Rotation twins were not found.
The polarization optic photographs given in fig. 5 .1.10 of [4] show numerous lines approximately lying in the three {1 1 2 ̅ 0} planes. They were interpreted as boundaries of inversion twins. The photographs were published also as fig. 5c ,d of [3] , where it is stated that the lines also might represent growth dislocations. The plane (1 1 2 ̅ 0) can be approximated by staggering: (1 1 2 ̅ 0) = (1 0 1 ̅ 0) + (0 1 1 ̅ 0). The lines on the photographs do not suggest staggered planes, so that we developed a structure model for an inversion twin with boundary (1 1 2 ̅ 0).
DFT calculations of KLiSO 4 crystals
The room temperature phase of KLiSO 4 (also known as phase III) has space group P6 3 (#173). Its structure at 293 K according to [5] is shown in Figure 1 .
The hexagonal lattice can be characterized by the lattice parameters c and a or, alternatively, by c/a and the volume V = ½√3a 2 c of the primitive cell. The elastic stiffness matrix is symmetric and determined by five constants C 11 = C 22 , C 12 , C 13 = C 23 , C 33 and C 44 = C 55 . C 66 is related to these by C 66 = ½ (C 11 -C 12 ) [6] .
Our DFT calculations used the DMol 3 code developed by Delley [7] . As a first step, several functionals were tested to find out which one best reproduced the experimental values c/a, V and the C ij of phase III. The calculations used as input ICSD-file 36470.cif, based on the KLiSO 4 structure at 293 K, as determined in [5] (see Table 1 ). In all cases a 4 × 4 × 4 Γ-centered mesh in k-space was used as well as the default local orbital basis set DNP [7] with cutoff radii for the basic functions equal to 13.38a 0 for K, 11.68a 0 for Li, to 7.32a 0 for S and 8.58a 0 for O, a 0 denoting the Bohr radius.
The earliest developed and simplest functional tested was the local-density-functional approximation (LDA) of the Perdew Wang Correlation (PWC) [9] plus local exchange. It produced the least good approximation to the experimental values of C ij and c/a. The generalized gradient approximation (GGA) functionals PBE [10] and PBEsol [11] gave the best approximations to C ij and c/a; the newest and most sophisticated meta-GGA functional SCAN [12] lying in between.
For the subsequent twin calculations PBEsol was selected, which had led to values of c/a and V closer to the experimental ones than PBE. In the framework of the Materials Project [13] another DFT calculation of phase III has been made using the PBE functional with the VASP a b c 2b + a 
Tab. 1:
Fractional coordinates of the atoms of KLiSO 4 at 293 K according to [5] . The first column gives the Wyckoff letter of space group P6 3 (#173) [8] .
code instead of DMol
3
. Table 2 shows that the two codes led to similar results.
DFT calculations of twins in KLiSO 4 crystals Polysynthetic twin models and illustration of DFT results
The DFT calculations of KLiSO 4 made use of periodic boundary conditions: a primitive cell of the KLiSO 4 crystal contains two formula units, i.e. 14 atoms. In order to deal with a finite number of atoms also in case of twins, sequences of periodic polysynthetic twins with increasing lamellae thickness were considered, containing 28N atoms, N = 1, 2, 3, 4. A primitive cell of the polysynthetic twin contains 14N atoms of each of the two individuals.
DMol
3 with functional PBEsol was used in the first step of our calculations to obtain the model for bulk KLiSO 4 described in Table 2 . This model was used to construct the polysynthetic twin models that served as input to the second step, in which the twin models were relaxed. [4] ) the blue-green triangles that do not cross a boundary were equilateral, those that cross a boundary were far from equilateral. In the relaxed structure shown in (a) the differences between triangles are smaller. Consequently, only the gray hexagon at the center of the figure remains nearly regular. The width of a primitive cell (marked white) is twice the distance between neighboring boundaries. In the unrelaxed structure projected || c (shown in fig. 5 .5.3 (a) of [4] ) the blue-green triangles that do not cross a boundary were equilateral, those that cross a boundary were far from equilateral. In the relaxed structure shown in (a) the differences between triangles are smaller. Consequently, only the gray hexagon at the center of the figure remains nearly regular.
The polysynthetic twin models with this boundary have a pseudo-orthorhombic lattice with basis vectors A′ = N(a + b), B′ = b - a, c. Figure 6 shows the DFT result for N = 4.
Summary of DFT results
In the DFT calculations the lattice parameters in the boundary plane were kept fixed because they will approach bulk values as N increases. To minimize energy, the atom positions and the remaining lattice parameters are varied within the restrictions imposed by the symmetry of the polysynthetic twin. This means for the lattice that a stretch perpendicular to the boundary plane is allowed and, in case of monoclinic symmetry, a shear parallel to the boundary plane and normal to the monoclinic axis. Table 3 shows the DMol 3 results for the stretch and shear that minimize energy. E twin is the energy difference between twin and single crystal per unit cell of the polysynthetic twin. As energy of the single crystal we took 2N times the energy of a single crystal in its primitive cell. In the case m(0 0 0 1) this procedure leads to a small negative value of E twin . To be more precise, we, instead, compared the energy of this twin with the energy of a single crystal in the supercell cell with C = 2Nc. Table 3 shows that E twin changes only little between N = 3 and N = 4, so that we can assume that the value for N = 4 is close to the value for large values of N.
Discussion of the results and conclusions
Considering the N = 4 results for twin law 1 ̅ , Table 3 shows that E twin is about twice as large for boundary (1 1 2 ̅ 0) than for (1 0 1 ̅ 0), which tells us that the energy of an inversion twin with (1 1 2 ̅ 0)-boundary is about the same as for a staggered boundary (1 0 1 ̅ 0) + (0 1 1 ̅ 0). Table 3 shows that m(0 0 0 1) has by far the lowest energy. Such twins were frequently found, sometimes with boundaries traversing the whole crystal (L) and sometimes in polysynthetic form, originating from growth defects with lamellae often too thin to be resolved by X-ray topography (G). "L" and "G" refer to figs. 2-4 in [3] , see also 5.1.3, 5.1.4 and 5.1.7 in [4] . Whereas Cr-doped crystals were considered in [3] and [4] ; similar twins were found also in crystals without Cr-doping, as shown in Figs. 3a and 5a of [1] . Twins m(1 0 1 ̅ 0) have much higher energy than m(0 0 0 1) twins; they were only observed as lateral bound of (0 0 0 1) lamellae [3] . A similarly high energy have twins 2(1 0 1 ̅ 0); such twins, however, were not found. Twins 1 ̅ (1 0 1 ̅ 0) have the second lowest energy. Such twins were not found in crystals grown without Cr doping but frequently in Cr-doped crystals. They are marked "In" in fig. 3 of [3] , see also 5.1.4 of [4] . The situation is different for KLiSO 4 crystals after heating them to the high temperature phase II (stable between 708 and 949 K) and cooling back to ambient temperature, as shown in [3] . Almost all 1 ̅ (1 0 1 ̅ 0) twins had disappeared. On the other hand, more m(1 0 1 ̅ 0) twins were formed, although they have higher energy than 1 ̅ (1 0 1 ̅ 0) twins. A similar situation exists for twins in quartz. At one bar, quartz exists as α-quartz at ambient temperature; it reversibly transforms to β-quartz at 846 K. Low quartz, i.e. quartz precipitated from hot hydrothermal veins was formed as α-quartz; high quartz crystallized from molten magma as β-quartz. Energies of Brazil twins, frequent in low quartz, and of Esterel twins, the most frequent twins in high quartz, were computed using DMol 3 in [19] and [20] , respectively. Similarly as phase III of KLiSO 4 , also α-quartz and β-quartz have a hexagonal lattice. Whereas the point group 6/mmm of the hexagonal lattice has order 24, the point groups 6 of phase III and 32 of α-quartz have order 6 (tetartohedry). Table 4 compares the various twin laws and boundary planes considered with DMol 3 . Brazil twins with boundary plane parallel to the major rhombohedron r occur very frequently in low quartz, especially in amethyst, which contains Fe 2 O 3 in the ‰-range [21] . This reminds of KLiSO 4 , where, again, the inversion twin was promoted by doping in the ‰-range. Brazil twins with boundary plane parallel to the minor rhombohedron z are rare [21] , as had to be expected from the much higher energy. Esterel twins in low quartz (usually referred to as Reichenstein-Grieserntal twins) are very rare in accordance with their large value E twin /A = 1.49 eV/nm 2 .
Tab. 3: The energy difference E twin between twin and single crystal per unit cell of the polysynthetic twin and the corresponding stretch and shear of the unit cell for polysynthetic twins with lamellae thickness N times the minimum value possible. A lattice index Σ = 1 corresponds to merohedric twinning, whereas the principal axes of the two individuals of an Esterel twin are not parallel. The row "β-quartz" shows the results of our calculations for the β-quartz structure, stable in the temperature range 846-1143 K at atmospheric pressure.
Boundary plane
Looking at high quartz, which transformed from the β-quartz of solidified magma to α-quartz at ambient temperature, Esterel twins are the most common twins although their energy is high, whereas Brazil twins with their low energy are not known [21] . The frequency of twins in high quartz depends more on the availability of twin nuclei than on the energy of the twin boundary.
Also the frequency of twins in KLiSO 4 after heating completely to phase II and cooling back to phase III shows little correlation with twinning energy: the low energy twins 1 ̅ (1 0 1 ̅ 0) have disappeared whereas the area of m(1 0 1 ̅ 0) twin boundaries has increased despite their much higher energy [3] .
